Abstract. On a closed connected oriented manifold M we study the space M (M ) of all Riemannian metrics which admit a non-zero parallel spinor on the universal covering. Such metrics are Ricci-flat, and all known Ricci-flat metrics are of this form. We show the following: The space M (M ) is a smooth submanifold of the space of all metrics, and its premoduli space is a smooth finite-dimensional manifold. The holonomy group is locally constant on M (M ). If M is spin, then the dimension of the space of parallel spinors is a locally constant function on M (M ).
Overview over the results
Let M be a compact connected oriented manifold without boundary, and let π ∶ M → M be its universal covering. We assume throughout the article that M is spin. We define M (M ) to be the space of all Riemannian metrics on M , such that ( M ,g),g ∶= π * g, carries a (non-zero) parallel spinor. This implies that g is a stable Ricci-flat metric on M , see [6] . It is still an open question, whether M (M ) contains all Ricci-flat metrics on M . In the past the space of such metrics was studied in much detail in the irreducible and simply-connected case, see e.g. [17] , [18] . Much less is known already in the non-simply-connected irreducible case, see e.g. [19] . However, the general reducible case has virtually not been addressed at all. For example there is no classification of the full holonomy groups for metrics in M (M ) if the restricted holonomy is reducible. The second named author recently found an efficient method to describe deformations of products of stable Ricci-flat manifolds [12] . In the present article we are using this method to see that the moduli space M (M ) is well-behaved. In fact we show that M (M ) is a smooth submanifold of the space of all metrics, and its premoduli space is a smooth finite-dimensional manifold, see Corollary 4. If we view the dimension of the space of parallel spinors as a function M (M ) → N 0 , then this function is locally constant, see Corollary 3. Similarly, the full holonomy group, viewed as a function from M (M ) to conjugacy classes of subgroups in GL(n, R) is locally constant, see Theorem 1.
Ricci-flat metrics
Conventions. All our manifolds will be connected and of dimension n ≥ 3 unless stated otherwise. A spin manifold is a manifold together with a fixed spin structure.
A Riemannian manifold (M, g) is Ricci-flat if its Ricci tensor Ric g vanishes identically. There are various reasons to study this class of metrics. It is already a challenging problem to decide whether a compact manifold admits a Ricci-flat metric. Compact manifolds with positive Ricci curvature must have finite fundamental group due to the Bonnet-Myers theorem. A similar obstruction is also available for compact manifolds with nonegative Ricci curvature: as a consequence Date: November 13, 2017. of the splitting theorem by Cheeger and Gromoll [5] , one obtains the following theorem, see also Fischer and Wolf [7] .
Theorem (Structure theorem for Ricci-flat manifolds). Let (M, g) be a compact Ricci-flat manifold. Then there exists a finite normal Riemannian covering M × T q → M with (M ,ḡ) a compact simply-connected Ricci-flat manifold and (T q , g f l ) a flat torus.
The theorem implies that π 1 (M ) contains a free abelian group Z q of rank q of finite index, and q satisfies b 1 (M ) ≤ q ≤ dim M , which acts by translations on R q and trivially on M . A second reason for studying Ricci-flat metrics comes from the intimate relation with the concept of holonomy. To fix notation we briefly recall the definition of holonomy groups and some of their main properties. We refer to [3, Chapter 10] for further details. Let us fix a point x ∈ M and an identification of T x M with R n . Up to conjugacy in GL(n, R) these choices define a subgroup Hol(M, g) ⊂ GL(n, R) as the set of endomorphisms given by parallel transport around a loop in x, called the (full) holonomy group of (M, g). The subgroup obtained by taking loops homotopic to the constant path is called the restricted holonomy group and is denoted by Hol 0 (M, g). Obviously, Hol 0 (M, g) is a normal and connected subgroup of Hol(M, g), and we have Hol( M ,g) = Hol 0 (M, g). It is also known that Hol 0 (M, g) is a closed Lie subgroup of SO(n), in contrast to Hol(M, g) which might be non-compact, see [20] . Parallel transport induces a group epimorphism π 1 (M ) → Hol(M, g) Hol 0 (M, g), and thus Hol(M, g) Hol 0 (M, g) is countable. As a consequence Hol 0 (M, g) is the connected component of Hol(M, g) containing the identity, and the index of Hol 0 (M, g) in Hol(M, g) is the number of connected components of Hol(M, g). For a locally irreducible, non-symmetric and Ricci-flat Riemannian manifold (M, g) of dimension n, Hol 0 (M, g) is conjugate to one of the groups occuring in Table 1 . The possible full holonomy groups of such manifolds were classified by McInnes [14] , see Wang [19] for the spin case. In the general Ricci-flat case, however, it is difficult to determine the full holonomy group. The full holonomy group of a non-irreducible Ricci-flat spin manifold does not have to be a product of holonomy groups in McInnes' list. Still, it follows from the structure theorem for Ricci-flat manifolds, that the subgroup
) is finite, see also [5, Theorem 6] . A third reason comes from the connection with spin geometry (see for instance [9] for more background on spinors). A parallel spinor on any Riemannian spin manifold forces the underlying metric to be Ricci-flat with holonomy group strictly contained in SO(n). Conversely, as we have just recalled, a locally irreducible orientable Ricciflat manifold is either of holonomy SO(n), or it has a simply-connected restricted holonomy group. In the latter case case the universal covering of M is spin and there is a non-trivial parallel spinor on the universal covering. The dimension of the space of parallel spinors P(M, g) is determined by the holonomy group [17] , see Table 1 . Furthermore, if the compact manifold (M, g) carries a parallel spinor, then it follows from Wang's work [18] that one obtains a parallel spinor for any metric in the connected component of g within the space of Ricci-flat metrics on M . In the whole article a spinor is a smooth section of the complex spinor bundle and dim P(M, g) is the complex dimension of the space of parallel spinors. Our main theorem studies the holonomy group of a metric with parallel spinor under Ricci-flat deformations.
Theorem 1 (Rigidity of the holonomy group). Let (M, g) be a compact Riemannian manifold whose universal covering is spin and carries a parallel spinor. If g t , t ∈ I ∶= [0, T ] is a smooth family of Ricci-flat metrics such that g 0 = g, then Hol(M, g t ) is conjugate to Hol(M, g) in GL(n, R).
Rigidity of products
An important ingredient in the proof of Theorem 1 is the following product formula by Kröncke [12] . It essentially tells us that product metrics g × h on N × P , with g ∈ M (N ), h ∈ M (P ) and N , P compact, are rigid in the sense that deformations within M (N × P ) are again product metrics. This cannot hold in the strict sense, as flat tori and pull-backs of g × h by non-product diffeomorphisms provide counterexamples to rigidity in the strict sense. However, rigidity holds modulo diffeomorphisms, provided that one of the factors does not carry parallel vector fields. To describe this in detail, let g be a Riemannian metric on a compact manifold N . An infinitesimal deformation of g given by a symmetric 2-tensor h is orthogonal to the conformal class if h is trace-free (i.e. tr g h = 0), and h is orthogonal to the diffeomorphism orbit of g if h is divergence-free. On trace-free, divergence-free symmetric 2-tensors the linearization of the Ricci curvature functional g ↦ Ric g is given by the Einstein operator ∆ g t = h. We say that g is a stable Ricci-flat metric if ∆ N E is positive-semidefinit on trace-free, divergence-free symmetric 2-tensors. All metrics in M (N ) are stable, see [18] and also [6] .
Theorem (Ricci-flat deformations of products, [12, Prop. 4.5 and 4.6]). If (N n , g) and (P p , h) are two stable Ricci-flat manifolds, then (N × P, g + h) is also stable. Furthermore, on trace-free, divergence-free symmetric 2-tensors we have
where Γ ∥ is the space of parallel sections. Thus, if all infinitesimal Ricci-flat deformations of (N, g) and (P, h) are integrable, then all infinitesimal Ricci-flat deformations of (N × P, g + h) are integrable.
In particular, if Γ ∥ (T N ) = 0 or if Γ ∥ (T P ) = 0, then Ricci-flat deformations of g × h are up to diffeomorphisms again of product form. Table 1 . Special holonomy groups and the dimension of the space of parallel spinors.
Rigidity of the restricted holonomy group
In order to prove the theorem we first prove the analogous statement for the restricted holonomy.
Proposition 2 (Rigidity of the restricted holonomy group). Let (M, g) be a compact Riemannian manifold whose universal covering is spin and carries a parallel spinor. If g t , t ∈ I ∶= [0, T ] is a smooth family of Ricci-flat metrics such that g 0 = g, then Hol 0 (M, g t ) is conjugate to Hol 0 (M, g) in GL(n, R), i.e. there are Q t ∈ GL(n, R) with Hol 0 (M, g t ) = Q t Hol 0 (M, g)Q −1 t . Moreover, the map t ↦ Q t can be chosen continuously.
In the proposition we have fixed a base point x ∈ M and an identification T x M ≅ R n . Thus Hol 0 (M, g t ) ∈ GL(n, R).
Remark.
(i) The proposition (and our main theorem) apply for example to Riemannian spin manifolds carrying a parallel spinor. Under these assumptions, the universal covering ( M ,g) is spin as well, and the parallel spinor on (M, g) lifts to a parallel spinor on ( M ,g). (ii) The proposition (and our main theorem) are false for non-compact manifolds.
Indeed, let g be a (possibly non-complete) Ricci-flat metric on R n with a parallel spinor and non-trivial holonomy group H. Let µ s ∶ R n → R n be multiplication with 1 − s for 1 > s ≥ 0. Then g s ∶= (1 − s) −2 µ * s g also has holonomy H for 1 > s ≥ 0. However, for s → 1 the metric g s converges in the compact-open C ∞ topology to the flat metric g 1 with trivial holonomy.
Proof of the proposition. Consider the universal Riemannian covering ( M ,g) of (M, g), and let Γ ≅ π 1 (M ) be the group of Deck transformations. Using the structure theorem for Ricci-flat metrics [5, 7] recalled in Section 2, we know that (M, g) has a finite normal Riemannian covering isometric to (M ,ḡ) × (T q , g f l ), where (M ,ḡ) is compact, simply-connected and Ricci-flat, and (T q , g f l ) a flat torus. By the de Rham decomposition theorem, (M ,ḡ) is globally isometric to a Riemannian product of compact, simply-connected and irreducible Ricci-flat manifolds (M i ,ḡ i ), i = 1, . . . , r. Thus we obtain a finite Riemannian covering
Since M is spin, so is M , and thus all M i are spin. The spin structure on each M i is unique as M i is simply-connected. On T q there are several distinct spin structures; we choose the unique spin structure that admits parallel spinors. A parallel spinor on a product corresponds to a product of parallel spinors (this follows from simple representation theoretic considerations as in [1, Proposition 4.5], see for instance [13, Theorem 2.5] for a detailed proof). Thus the given parallel spinor on M implies the existence of parallel spinors on each M i . The holonomy group H i ∶= Hol(M i ,ḡ i ) is therefore conjugate to one of the groups of Table 1 . Then by taking products, we obtain a parallel spinor on (M × T q ,ḡ × g f l ), which lifts to a parallel spinor on M , and we can assume without loss of generality that this is the given parallel spinor on M discussed above. Next consider the family of Ricci-flat metrics g t on M . The covering M × T q → M can be chosen independently of t. And letḡ t × g f l,t be the pullback of g t to M × T q induced by (M, g t ). The metricḡ =ḡ 1 × . . . ×ḡ r is a product of irreducible Ricci-flat metrics which admit a parallel spinor, and thus the metricsḡ i are stable. The factors (M i ,ḡ i ) are irreducible, hence defined by a torsion-free G-structure for one of the groups G ≠ SO(n) taken from Table 1 . It then follows from [16] (building on work of [10] ) that infinitesimal Ricci-flat deformations ofḡ i are integrable. Finally, they admit no harmonic 1-forms as simply-connectedness implies vanishing of the first Betti number b 1 . Therefore the theorem on Ricci-flat deformations of products in Section 3 implies that the Ricci-flat deformationḡ t ofḡ is -up to pull-back by diffeomorphisms in Diff 0 (M ) -of the formḡ t,1 × . . . ×ḡ t,r , whereḡ t,i is a smooth Ricci-flat deformation ofḡ i . By the known rigidity results in the irreducible case [16, 18] , the holonomy group of nearby Ricci-flat deformations ofḡ i will be conjugate to H i , and the conjugating element can be chosen continuously in t.
Applications
Corollary 3. Let M be a compact spin manifold, and let g 0 ∈ M (M ). If g t , t ∈ I ∶= [0, T ] is a smooth family of Ricci-flat metrics on M such that g 0 = g, then g t ∈ M (M ) and dim P(M, g t ) is constant in t.
Remark. A parallel spinor is a special case of a real Killing spinors. If (M, g) carries a (non-zero) real Killing spinor, then g is Einstein. However, it was shown in [4] , that our results do no longer hold if we replace parallel spinors by real Killing spinors and Ricci-flat metrics by Einstein metrics.
Proof. In the proof of Proposition 2 we have chosen a spin structure on M × T q . As (M, g t ) carries a parallel spinor, this spin structure has to coincide with the pullback of the spin structure on M . Let Γ be the (finite) group of Deck transformations of the covering space M × T q → M . By normality of this covering space, Γ acts transitively on each fiber, and this action lifts to the spin structure, and thus to the spinor bundle. The dimension of P(M × T q ,ḡ t × g f l,t ) is determined by the holonomy group Hol(M ,ḡ t ) = Hol(M × T q ,ḡ t × g f l ) = Hol 0 (M, g t ) which therefore does not depend on t. Further, P(M, g t ) can be identified with the subspace of P(M ×T q ,ḡ t ×g f l,t ) which is invariant for the representation ρ t ∶ Γ → GL(P(M × T q ,ḡ t × g f l,t )). Representation theory of finite groups implies
which is continuous in t, hence locally constant.
This corollary extends Wang's result from [18] which states that the dimension is constant if M is simply-connected and g 0 irreducible. An immediate consequence is that the premoduli space
is an open subset of the premoduli space of Ricci-flat metrics. In general, the premoduli space of Ricci-flat metrics is merely a real analytic subset of a finite-dimensional real analytic manifold, and the tangent space of this manifold can be identified with the space of infinitesimal Ricci-flat deformations and rescalings of the metric (cf. for instance the discussion in [3, Chapter 12 .F] building on Koiso's work [11] ). Proof. We have to check that every infinitesimal Ricci-flat deformation of g 0 ∈ M (M ) is in fact integrable. Consider again the finite cover M × T q → M . The space of Ricci-flat metrics on M × T q is smooth by the proof of Proposition 2, and so is the space of Ricci-flat metrics on M as the fixed point set of the finite group Γ acting on the former space by pull-back. This implies the result. This generalises Nordström's result [16] for metrics defined by a torsion-free Gstructure for one of the groups G ≠ SO(n) taken from Table 1 to general metrics in M (M ). Nordström makes strong use of Goto's earlier result [10] about the unobstructedness of the deformation theory of such G-structures.
A further application involves the spinorial energy functional introduced in [2] , to which we refer for details. To define it, consider the space of sections N of the universal bundle of unit spinors over M . A section Φ ∈ N can be thought of as a pair (g, φ) where g is a Riemannian metric and φ ∈ Γ(Σ g M ) is a g-spinor of constant length one. The relevant functional is defined by
where ∇ g denotes the Levi-Civita connection on the g-spinor bundle Σ g M , ⋅ g the pointwise norm on T * M ⊗ Σ g M and dv g the Riemann-Lebesgue measure given by the volume form of g. By [2, Corollary 4.10] the set of critical points Crit(E) consists precisely of g-parallel unit spinors (g, φ), provided that dim M > 2. Since by Corollary 3 the dimension of the space of parallel spinors is constant under Ricci-flat deformations, the proof of [2, Theorem 4.17] immediately implies the subsequent Corollary 5. The functional E is Morse-Bott, i.e. the critical set Crit(E) is smooth and E is non-degenerate transverse to Crit(E). Now the universal covering group of Diff 0 (M ), the diffeomorphisms homotopic to the identity, naturally acts on Crit(E). It also follows with the arguments above that the premoduli space of critical points, that is, Crit(E) divided by this action, is smooth as well.
Rigidity of the full holonomy group
We now prove Theorem 1, using the following fact from Lie group theory.
Theorem (Montgomery-Zippin [15] ). Let H 0 be a compact subgroup of a Lie group G. Then there exists an open neighbourhood U of H 0 such that if H is a compact subgroup of G contained in U , then there exists g ∈ G with g −1 Hg ⊂ H 0 . Moreover, upon sufficiently shrinking U , g can be chosen in any neighbourhood of the identity of G. Hol(M, g t ) = A t,1 ⋅ Hol 0 (M, g t ) ∪ . . . ∪ A t,ℓ ⋅ Hol 0 (M, g t ). Let k(t) ∶= #{i ∈ {1, 2, . . . , ℓ} A t,i ∈ Hol 0 (M, g t )} = # ker α t . Then the index of Hol 0 (M, g t ) in Hol(M, g t ) is ℓ k(t) and this index is the number of connected components of Hol(M, g t ). Thus the index of Hol 0 (M, g t ) in Hol(M, g t ) is lower semi-continuous. We fix t 0 ∈ [0, T ]. As A t,i depends continuously on t, the theorem of Montgomery-Zippin implies that Hol(M, g t ) is conjugate to a subgroup H t of Hol(M, g t0 ) if t is sufficiently close to t 0 . Conjugation preserves the connected component containing the identity, thus Hol 0 (M, g t0 ) ⊂ H t ⊂ Hol(M, g t0 ). Lower semi-continuity of the number of connected components of H t implies the result.
